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Abstract

The collection of the vertex dominating sets of a graph defines a hypergraph on the
set of vertices of the graph. However, there are hypergraphs H that are not the
collection of the vertex dominating sets of any graph. This paper deals with the
question of completing these hypergraphs H to the vertex dominating sets of some
graphs G. We demonstrate that such graphs G exist and, in addition, we prove that
these graphs define a poset whose minimal elements provide a decomposition of H.
Moreover, we show that the hypergraph H is uniquely determined by the minimal
elements of this poset. The computation of such minimal elements is also discussed
in some cases.
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1 Introduction

A vertex dominating set of a graph G is a set of vertices D such that every
vertex of G is either in D or adjacent to some vertex of D. Domination in
graphs is a widely researched branch of graph theory, both from a theoretical
and algorithmic point of view (see [6,7,8]). In part, it is due to its applications
to several fields where graphs are used to model the relationships between a
finite number of objects.

A great many theoretical issues, properties and algorithms have been stud-
ied regarding domination in graphs. The wide variety of papers that deal with
parameters is remarkable; they range from the standard domination number of
a graph to other domination-related parameters (see [8]). There are also many
algorithmic papers addressing classes of graphs for which these parameters can
be computed in polynomial time, as well as papers providing combinatorial
bounds and algorithms for enumerating all the vertex dominating sets of cer-
tain graphs (see [2,3,4,5,9]).

This paper fits within this context and stems from a theoretical question
related with domination in graphs whose solution will lead us to consider a
new domination-related parameter, as well as to several issues regarding its
computation. The starting point of this work is a question concerning the
design of networks on a finite set of nodes Ω whose dominating sets satisfy
specific properties. Thus, in this paper we focus our attention on the collection
D(G) of all the inclusionwise minimal vertex dominating sets of a graph G.
Specifically, we are looking for graphs G whose collection of vertex dominating
setsD(G) is equal or close to a given collection {A1, . . . , Ar} of subsets of nodes
Ai ⊆ Ω.

Hypergraphs become the natural framework of this problem. A hypergraph
H on a finite set Ω is a collection of subsets of Ω none of which is a proper
subset of another (see [1]). The domination hypergraph of a graph G is the col-
lection D(G) of all the inclusion-minimal vertex dominating sets of a graph G.
A hypergraph H is said to be a domination hypergraph if H is the domination
hypergraph of a graph; that is, if H = D(G) for some graph G.
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In general, a hypergraph H is far from being the domination hypergraph
of a graph. Therefore, a natural question that arises at this point is to seek
domination completions of a hypergraph H, that is, to look for graphs G
whose associated domination hypergraphs D(G) are close to the hypergraph
H. Specifically, the goal is to prove that these domination completions exist,
and moreover, by taking into account a suitable partial order, we will see that
the minimal domination completions provide a decomposition of the hyper-
graph. We therefore conclude that any hypergraph is univocally determined
by means of its minimal domination completions. In addition, we study the
number of completions appearing in the decomposition of the hypergraph.
This number of domination completions in a decomposition provides a new
domination-related parameter. The computation of this parameter, as well
as the computation of the minimal domination completions, is discussed for
some special classes of hypergraphs. Proofs have been omitted due to space
limitations.

2 Recovering a graph from its dominating sets

Here we explore whenever a graph G can be univocally determined from the
collection of its vertex dominating sets. We state that the graph G can be
uniquely determined by means of a suitable subfamily of dominating sets of
vertices.

It is clear that a subset D of vertices is a dominating set of the graph G if
and only if D∩N [x] �= ∅ for every vertex x ∈ V (G), where N [x] = {x}∪{y ∈
V (G) : {x, y} ∈ E(G)} is the closed neighborhood of vertex x. Therefore, a
subset of vertices D is a dominating set of G if and only if

⋃
x∈D N [x] = V (G).

Since any superset of a dominating set of G is also a dominating set of G,
the collection D(G) of the dominating sets of a graph G is a monotone increas-
ing family of subsets of the set of vertices V (G). Therefore, D(G) is uniquely
determined by the family min (D(G)) of its inclusion-minimal elements. Let
us denote by D(G) the family of the inclusion-minimal dominating sets of the
graph G.

Dominating sets of a graph are closely related to independent sets. An
independent set of G is a set of vertices in G such that no two of them are
adjacent. It is clear that an independent set is also a dominating set if and
only if it is an inclusion-maximal independent set. Therefore, any inclusion-
maximal independent set in a graph is necessarily also an inclusion-minimal
dominating set. Let us denote by Dind(G) the collection of the inclusion-
maximal independent sets ofG. Hence, we have thatDind(G) ⊆ D(G) ⊆ D(G)



and Dind(G) = {D ∈ D(G) : D is an independent set}.
The following propositions state that from the collection of vertex domi-

nating sets it is possible to recover some information concerning to the graph.
Specifically, it is possible to obtain the set of edges E(G) from the family
Dind(G), while the family D(G) allows us to recover the family N [G] of
the inclusion-minimal closed neighborhood of the graph; that is, the family
N [G] = min{N [x] : x ∈ V (G)}.
Proposition 2.1 Let G be a graph and let Dind(G) = {D1, . . . , Dt} ⊆ D(G) =
{D1, . . . , Ds}, where 1 ≤ t ≤ s. Then,

(i) N [G] = min{ {a1, . . . , as} : ai ∈ Di for 1 ≤ i ≤ s }.
(ii) E(G) = min{ {a1, . . . , at} : ai �∈ Di for 1 ≤ i ≤ t }.
Proposition 2.2 Let G1 and G2 be two graphs with the same vertex set.
Then,

(i) D(G1) = D(G2) if and only if N [G1] = N [G2].

(ii) Dind(G1) = Dind(G2) if and only if G1 = G2.

3 Domination completions and decomposition of hyper-
graphs

Let Ω be a non-empty finite set. A hypergraph on Ω is a collection H of non-
empty different subsets of Ω, none of which is a proper subset of another; that
is, if A,A′ ∈ H and A ⊆ A′ then A = A′. We denote by Hyp(Ω) the collection
of hypergraphs H on Ω and by Hyp0(Ω) the collection of the hypergraphs H
on Ω with Ω =

⋃
A∈H A.

If G is a graph with vertex set V (G) = Ω, we consider the collection D(G)
of the inclusion-minimal dominating sets of the graph. It is clear that D(G) is
a hypergraph on Ω. Moreover, it is straightforward to prove that the equality
Ω =

⋃
A∈D(G)A holds. Therefore, D(G) ∈ Hyp0(Ω) ⊆ Hyp(Ω).

We will say that a hypergraph H on Ω is a domination hypergraph if there
exists a graph G with vertex set Ω such that H = D(G). So, if H is a
domination hypergraph on Ω, then H ∈ Hyp0(Ω) ⊆ Hyp(Ω). Observe that
there exist domination hypergraphs H with more than one graph realization;
that is, there exists hypergraphs H such that H = D(G) = D(G′) with G,G′

two different graphs, even more, with G,G′ two non-isomorphic graphs.

Not all hypergraphs are domination hypergraphs. For instance, the hy-
pergraph H = {{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}} on the finite set Ω =



{1, 2, 3, 4} is not a domination hypergraph. Moreover, it is not hard to prove
that H �⊆ D(G) if G is a graph with vertex set Ω. From this example it follows
that, in general, given a hypergraph H on a finite set Ω there does not exist
a graph G such that H ⊆ D(G).

A natural question that arises at this point is to determine domination
completions H ′ of H; that is, domination hypergraphs H ′ close to H. The
following issues are two crucial points in order to look for the domination
completions of H. On one hand, to take into account all the dominating sets
of a graph G instead of considering only the inclusion-minimal dominating
sets of G; that is, to take into account the family D(G) instead of the family
D(G). On the other hand, to consider the domination hypergraphs H ′ of the
form H ′ = D(G′) for some graph G′ with vertex set V (G′) ⊆ Ω instead of
those graphs with V (G′) = Ω.

In order to state our results, we must first introduce some general defini-
tions and notations. Let Ω be a finite set. Let H be a hypergraph on Ω. Then
we define H+ as the family whose elements are the subsets A ⊆ Ω such that
there exists A0 ∈ H with A0 ⊆ A. Observe that H+ is a monotone increasing
family of subsets of Ω whose inclusion-minimal elements are the subsets of H;
that is, H = min (H+). Therefore, the hypergraph H is uniquely determined
by the monotone increasing family H+. For instance, if G is a graph then
D(G) is a hypergraph whose associated monotone increasing family of subsets
is D(G)+ = D(G), and so, D(G) is uniquely determined by D(G).

To compare two hypergraphsH1, H2 on Ω we use their associated monotone
increasing families of subsets H+

1 , H
+
2 . It is clear that if H1 ⊆ H2, then H+

1 ⊆
H+

2 . However, the converse is not true; that is, there exist hypergraphs with
H1 �⊆ H2 and H+

1 ⊆ H+
2 (for instance the hypergraphs H1 = {{1, 2}, {1, 3}}

and H2 = {{1, 2}, {3}}).
This fact leads us to consider a binary relation � defined on the set of

hypergraphs on Ω. Namely, if H1 and H2 are two hypergraphs on Ω, then
we say that H1 � H2 if and only if H+

1 ⊆ H+
2 . In other words, we have that

H1 � H2 if and only if for all A1 ∈ H1 there exists A2 ∈ H2 such that A2 ⊆ A1.
It is straightforward consequence of the definitions that the binary relation �
is a partial order on the set of hypergraphs on Ω.

By using this partial order � we define the domination completions of a
hypergraph H as follows. Let us denote by DomHyp0(Ω) the set whose ele-
ments are the domination hypergraphs on Ω, and let us denote by DomHyp(Ω)
the set whose elements are the domination hyperpraphs H ′ on subsets Ω′ of
Ω. Let H be a hypergraph on the finite set Ω. A domination completion of
H is any domination hypergraph H ′ ∈ DomHyp(Ω) such that H � H ′. We



denote by Dom(H) the set whose elements are the domination completions of
the hypergraph H; that is,

Dom(H) = {H ′ ∈ DomHyp(Ω) : H � H ′} ⊆ Hyp(Ω).

The following theorem deals with the existence of domination completions
of a given hypergraph.

Theorem 3.1 Let H be a hypergraph on a finite set Ω. Then (Dom(H),� )
is a non-empty partially ordered set, and this poset has a unique minimal
element if and only if the hypergraph H is a domination hypergraph.

Remark 3.2 Given a hypergraph H on a finite set Ω, we can consider the
set Dom0(H) = {H ′ ∈ DomHyp0(Ω) : H � H ′}. Observe that Dom0(H) ⊆
Dom(H) because DomHyp0(Ω) ⊆ DomHyp(Ω). It is easy to verify that
(Dom0(H),� ) is a non-empty partially ordered set. However, the result
in Theorem 3.1 does not work if we consider Dom0(H) instead of Dom(H).
Namely, there exist hypergraphs H such that the poset (Dom0(H),� ) has a
unique minimal element D(G) but H �= D(G).

Let H be a hypergraph. We say that a domination hypergraph H ′ is a
minimal domination completion of H if H ′ is a minimal element of the poset
(Dom(H),� ). Let us denote by Dom(H) the set whose elements are the
minimal dominating completions H ′ of H; that is,

Dom(H) = min (Dom(H),� ).

We have seen in Theorem 3.1 that if Dom(H) has cardinality one, then
the hypergraph H is a domination hypergraph. The following theorem and
corollary deal with the case of cardinality greater than one, and show that we
can recover uniquely the hypergraph from the elements of Dom(H).

Theorem 3.3 Let H be a hypergraph on a finite set Ω and let Dom(H) =
{H1, . . . , Hr}. Then H = min {A1 ∪ · · · ∪ Ar : Ai ∈ Hi for 1 ≤ i ≤ r}.
Corollary 3.4 Let H1 and H2 be two hypergraphs on a finite set Ω. Then,
H1 = H2 if and only if Dom(H1) = Dom(H2).

The previous results lead us to the following definition. Let H be a hy-
pergraph on a finite set Ω. We say that a family {H1, . . . , Ht} ⊆ DomHyp(Ω)
of t ≥ 1 distinct domination hypergraphs on Ω is a t-decomposition of the
hypergraph H if H = min {A1 ∪ · · · ∪ At : Ai ∈ Hi for 1 ≤ i ≤ t}. Let us
denote D(H) = min{t : there exists a t-decomposition of H}. It is clear that
D(H) = 1 if and only if H is a domination hypergraph.



From Theorem 3.3 we get that the domination hypergraphs in Dom(H)
provide a decomposition of H and, therefore, if H has r minimal domination
completions then D(H) ≤ r.

4 Computation of minimal domination completions

In general, there is no description of the domination hypergraphs on a finite set
Ω of size n, therefore the computation of the minimal domination completions
of H is a problem that is far from being solved. This leads us to consider some
special classes of hypergraphs, namely, hypergraphs on a finite set of small size
and uniform hypergraphs. A complete result has been obtained for n ≤ 4. We
give an example of minimal domination completions and decomposition of a
hypergraph on Ω = {1, 2, 3, 4}.
Example 4.1 Let us consider the hypergraph H = {{1, 3}, {2, 4}} on the set
Ω = {1, 2, 3, 4}. It can be shown that H is not a domination hypergraph and
has six minimal domination completions, Dom(H) = {H1, H2, H3, H4, F1, F2},
where H1 = {{1}, {2, 4}}, H2 = {{2}, {1, 3}}, H3 = {{3}, {2, 4}}, H4 =
{{4}, {1, 3}}, F1 = {{1, 3}, {1, 4}, {2, 3}, {2, 4}}, and F2 = {{1, 2}, {1, 3},
{2, 4}, {3, 4}}. For all i ∈ {1, 2, 3, 4}, Hi is the domination hypergraph of
a path of order 3 and, for i ∈ {1, 2}, Fi is the domination hypergraph of a
path of order 4. By applying Theorem 3.3 it follows that 2 ≤ D(H) ≤ 6
and {H1, H2, H3, H4, F1, F2} is a 6-decomposition of H. However, it is easy to
check that {H1, H2} is a 2-decomposition of H, implying that D(H) = 2.

We now point out some results concerning uniform hypergraphs. Let
Ω = {1, . . . , n} and let 1 ≤ r ≤ n. The r-uniform hypergraph Ur,n of or-
der n is the hypergraph Ur,n = {A ⊆ Ω : |A| = r}. The following proposition
gives a characterization of uniform hypergraphs Ur,n that are domination hy-
pergraphs.

Proposition 4.2 The uniform hypergraph Ur,n is a domination hypergraph if
and only if r = 1, or r = n, or r = 2 and n is even. Moreover, (i) the complete
graph with vertex set Ω is the unique graph G such that U1,n = D(G); (ii) the
empty graph with vertex set Ω is the unique graph G such that Un,n = D(G);
and (iii) there are (2m)!/(2mm!) graphs G such that U2,2m = D(G), namely,
G is any graph obtained from the complete graph on Ω by deleting the edges
of a perfect matching.

The study of the uniform hypergraphs will be completed with the computa-
tion of the minimal domination completions of Ur,n either when 3 ≤ r ≤ n− 1



or when r = 2 and n is odd. Here we present the results obtained in two cases,
the case r = 2 and n odd and the case r = n− 1.

Proposition 4.3 The uniform hypergraph U2,2m+1 has 2m+1 minimal dom-
ination completions and D(U2,2m+1) = 2.

Proposition 4.4 The minimal completions of Un−1,n are the hypergraphs ob-
tained as D(G), where G is a graph with vertex set {1, . . . , n} whose connected
components are nontrivial stars. Moreover, D(U3,4) = 3 and D(Un−1,n) ≤ n−1
for n ≥ 5.
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